states that l/αe2I provided that a{θ) Φ 0 (0 ^ θ < 2τr). P. Levy [3] generalized Wiener's theorem by proving that analytic functions operate on 2ί. If 2ί is the family of all non-negative-definite matrices (a ifj ) with -1 < a it3 < 1 then I. J. Schoenberg [8] proved that any continuous function F which operates on 21, F: (a ί}j ) -> (F(a i} j)) must be of the form
The theorem of Wiener-Levy can be obtained in a more general setting. Let G be a locally compact abelian group and G its dual group, i.e. the set of continuous homomorphisms of G into the multiplicative group of complex numbers of modulus one, endowed with the weak topology. For μ a complex-valued, regular measure on G with finite total variation we define its Fourier-Stieltjes transform by (x e (?) and denote by B{G) the family of such transforms. Then THEOREM. Real entire functions operate on B(G) (see [7] for definition).
In particular by taking G -Z (the group of integers) we obtain the Wiener-Levy theorem.
A few years ago a converse to this theorem was obtained by H. Helson, J. P. Kahane, Y. Katznelson and W. Rudin [1] . They proved that if F operates on B(G) then F is a real-entire function.
In probability theory the elements of B(G) which are of most direct interest are those μ which arise from nonnegative measures μ, i.e. according to Bochner's theorem the μ which are nonnegative-definite on G. Let B + (G) denote this family. Rudin has conjectured [6] , r n ) = Oίr^a r n ) if all k,-Φ 0 (Lemma 4). Finally we turn to the question of continuity. Since F(Φ) is a continuous function for every φeΦ(R ι ), the natural approach would be to prove directly that z n -> z 0 implies F(z n ) -> F(z 0 ) by constructing a 1282 ALAN G. KONHEIM AND BENJAMIN WEISS ch.f. φ together with a bounded sequence {t n } such that Φ(t n ) -z n . 2 However, as the referee has observed it suffices to prove a slightly weaker interpolation property; namely that some ψ e Φ(R 1 ) exists which interpolates, on a bounded sequence, some subsequence of the {z n }. His lemma and proof are given in § 4.
2* Several lemmata* In this section we assume that F is continuous on Δ = {z: \ z | ^ 1} and operates on Φ(R L ).
Proof. It suffices by Cramey's criterion [5, p. 65] to show that (2 ) [
is in BtiR 1 ) for every ε > 0, [5, p. 70 ] and thus ψ s = p s + peB
Jo Jo
On the other hand
Let n be a positive integer and 2ττ, λ x , λ 2 , X n be rationally independent real numbers. For each vector m -(m u m 2 , , m n ) with 2 We were not able to deduce this strong interpolation property for Φ{R X ) and this necessitated a somewhat round about argument in the original version of this paper. 3 That the integral in (2) is real follows from the easily verified identity F(z) = F(z).
integral components and each vector r = (r 19 r 2 , , r n ) with 0 g 
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with a>i(ru r* 9 , Ό = limit α^.X^, r 2 , , r n ) .
Since a k> j(r u r 2 , , r Λ ) is an absolutely monotonic function the induction hypothesis implies a 3 {r u r 2 , , r n ) is likewise so and lemma is proved.
LEMMA 4. In the cube 0^r { < 1/n (1 ^ i ^ n) (4i) α m (r) is α^ absolutely monotonic function
Proof. 1. Generalizing a result of Rudin [6, p. 618] we will show that if / is continuous in the cube 0 ^ x t < a (1 ^ i ^ w) and satisfies \ I /(«i + &! cos ^, α 2 + δ 2 cos 6*2, , a n + b n cos ^w)
for all integers j u j 2 , , j n -0,1, 2, whenever 0 ^ 6y ^ α, , αy + 6^ < α, then / is absolutely monotonic in the cube 0 ^ Xι < a (1 ^ i ^ n) .
2. To see that a m (r) satisfies (7) (with a -1/n) we observe that extends to -1 S % ^ 1, and this proves 5(ii).
3* Proof of Theorem 1 with hypothesis of continuity* F(r exp (iφ)) is a continuous, periodic, nonnegative definite function. We can therefore write
In (12) we set z -r exp (iφ) and use Lemma 5 to conclude that We will now show that d no , mQ = 0. Let 2π, X ίf , X nQ , X be rationally independent real numbers and set (14) z -r exp (iXt) + Σ r k exp (ίλ fc i)
in (13) (14) we obtain Proof. Let τ n = 1 -(2/3)9-; then (9 n /2)τ n = (1/6) (mod 1) while (9 n+m /2)τ n = (1/2) (mod 1) for m > 0. Hence
and cos (τr/2)9 w = 0 β Let {η n } be a sequence of positive numbers such that I 2θ I + Σ Vn < 1 .
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We define inductively a sequence {φ n } of positive-definite functions as follows; let
Assume that φ 0 , φ lf , φ p have been defined such that Φj(l) = 0 for j > 0. Choose integers m p+1 and n p+1 such that
where ε^^i and λ p+1 are chosen such that
We shall assume that the sequence {mj is strictly increasing. If we set t k = τ mfc and ί(t) = Σ Φi(t) + eA (t) where Δ(x) = max (0, 1 -2 | x\) and ε > 0 is such that 0(0) = 1 then , 2, .) and φ e Φ(&).
LEMMA 7. F is continuous in the open unit disk {z:\z\ < 1}.
Proof. Suppose not; then there would exist a z Q9 | z 0 1 < 1 and a sequence {zj (| ^ | < 1) such that z n -> 2; 0 and .F(3 W ) y4 ί 7^) . By passing to a subsequence if necessary we can assume that {F(z n )} converges. By Lemma 6 there is a ch.f. φ and a sequence (of real numbers) {t k } with limit one such that φ(t k ) -z %k . But then
which is a contradiction. 
where p n ^ 0 and ) and set ψ = F(k). Since φ is continuous all that must be verified is that φ is a nonnegative-definite function. For any δ > 0, the sequence {λ n -X(nd)} is nonnegative definite and therefore by the hypothesis {φ(nd)} is a nonnegative definite sequence for any δ > 0. Since φ is continuous
δj.0 ra,m = l But since {φ(nδ)} is a nonnegative-definite sequence for each δ > 0
and hence by Cramer's criterion φ is nonnegative definite.
We conclude with a few remarks.
1. There is a formal relation between the result of [1] (G) . A direct proof of our theorem starting from this observation would be desirable. x exp (Σ V-iΣ K+ where the inner limit exists and is positive by virtue of Lemma 1 and [5, p. 43] and the outer limit exists by (A) above.
3. For nondiscrete G with elements of arbitrarily high order one can show by using the methods used in the proof of Theorem 1, that F operates on Φ(G) if and only if F satisfies (*). If G is discrete this needn't be the case, and F needn't even be continuous as, F(z) = 0(\Z\ < 1), =1(12 I = 1), which operates on Φ(Z) already shows. For such discrete groups we don't know if it is true that F operates on Φ(G) implies that F must operate on Bi(G). If it were true then at least the structure of F for | z \ < 1 could be determined.
